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II, " On Fermat's Theorems of the Polygonal Numbers." First 

Communication. By The Eight Hon. Sir Frederick 

Pollock, F.B.S., Lord Chief Baron. Received July 11, 

1860. 

(Abstract.) 

This paper relates to the second theorem, viz. that which asserts 
that every number is composed of 4 square numbers (0 [or zero] 
being considered as an even square). If every odd number be com- 
posed of 4 square numbers, then every even number must also be 
composed of 4 square numbers ; for every even number must, on a 
continued division by 2, ultimately become an odd number. The 
paper relates chiefly to the Table which accompanies it, from which 
it appears that a remarkable law obtains as to the division of odd 
numbers (2ra-f 1) into 4 square numbers — when a number of the 
form An -f 1 is divisible into 2 square numbers, which (as 4n-\-l is 
an odd number) must be one of them odd, the other even. Before 
explaining the Table, it is proper to state that if an odd number be 
divisible into 4 square numbers, three of them must be odd, and one 
of them even, or one of them must be odd, and 3 of them even, other- 
wise their sum cannot be an odd number ; it follows from this that if 
the difference between any two of them be an odd number, the differ- 
ence between the other two must be an even number, and vice versa ; 
for let a 2 -f b 2 + e 2 + d 2 = 2n -f- 1 , then if a 2 — b 2 = 2p, c 2 — d 2 must equal 
2g-f 1; if possible let c 2 — d*=2r, then a 2 — b 2 + c 2 — (F=2p + 2r ; 
add 2b 2 -j- 2d 2 (an even number) to each, and d l -j- b 2 -f c 2 + d 2 will be 
an even number, which by the hypothesis it is not ; if, therefore, 
a 2 —b 2 be an even number, c 2 —d 2 cannot also be an even number, 
and therefore must be an odd one. If, therefore, the four roots of 
the squares into which any odd number may be divided are arranged 
in any order there will be three differences ; the two exterior differences 
will be one odd, the other even ; the middle difference may be either 
odd or even. 

The Table is arranged thus : — the lowest row of figures is the 
series 1, 5, 9, 13, 17, &c. (4n+l) ; the next row above is the series 
of natural numbers, 0, 1, 2, 3, 4, &c. (n), &c. ; the next row is 
1, 3, 5, 7, 9, &c. (2^+1) the odd numbers; each of the odd 
numbers is the first term in a series increasing upwards by the num- 
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bers 2, 4, 6, 8, 10, &c, forming an arithmetic series of the second 
order (the first and second differences being respectively 2 each) ; 
when the number in the lowest row cannot be divided into 2 squares, 
the arithmetic series is not formed, and the squares are marked with 
an asterisk, but when the number 4^+1 is divisible into 2 square 
numbers, the roots of these squares constitute the two exterior dif- 
ferences of the roots into which the odd number may be divided, and 
also of the roots into which each term of the series increasing upward 
may be divided ; the middle difference of the roots will be the smaller 
half of the sum of the 2 roots of the square numbers into which 
4^+1 may be divided, with a negative sign, and will increase by 1 in 
each successive term of the upward series. 

For example, in the Table take the number 29 in the lowest row, 
7x4 + 1 = 29, 7 is the number above it, and 7x2+1 = 15 the odd 
number, which is the first term of the series 15, 17, 21, 27, 35, &c. 
Now 29 is composed of 2 square numbers, 4 and 25, whose roots 
are 2 and 5, 2 + 5 = 7; the smaller half is 3, and 2, —3, 5 will be 
the differences of the roots of the squares into which 15 may be 
divided, and whose sum will equal 1 ; thus 

2, -3, 5 
— 1 , 1 , 2, o ; 

the roots when squared and added together equal 15, and the other 

terms of the series follow in like manner, obeying the law indicated ; 

thus 

5, -2, 2 
3, 2, 0, 2 when squared and added . =17 

2, — 1, 5 

— 2, 0, — 1, 4 when squared and added . =21 

5, 0, 2 
—4, 1, 1, 3 when squared and added . =27 

2, 1,5 

— 3, —1, 0, 5 whose squares .... =35 

The proof of all this depends on a property of numbers mentioned 
in the Philosophical Transactions for 1854, vol. cxliv. p. 317. 

If any number be composed of two triangular numbers, it will also 
equal a square and a double triangular number. If 

a 2 + a , h 2 -\-b 

n=r. — + _ , 

2 2 

it will be of the form a 2 + « + & 2 , and may be assumed equal to 
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« 2 + a-f 6 2 . For if 2 numbers be both odd or both even, they may 
always be represented by a-\-b and a — b; if one be odd and the 
other even, they may always be represented by a + 6+1 and a — b, 
or by + 6 and a — b+l ; and if the two numbers be made the bases 
of trigonal numbers, the sum of the two trigonal numbers will 
always be of the form « 2 + « + 6 2 , or a 2 -\-b-\-b 2 : now when any 
number in the natural series of numbers is composed of two trian- 
gular numbers, it may be represented by a 2 + a + 6 2 , and 4n+l will 
then equal 4a 2 + 4a-\- 1 + 46 2 , — obviously the sum of an odd and an 
even square, whose roots are 2b and 2a -\- 1 ; and 2n+ 1, the corre- 
sponding odd number, will equal 2a 2 + 2a+ 1 + 26 2 , — obviously com- 
posed of 4 square numbers, whose roots are b, b, a, a + 1 ; and if they 

be arranged thus, 

26, ~(a + b) 2a + 1 
— by by —ay a-\- 1, 

so that the sum of their roots may equal 1, the exterior differences 
of the roots will be 2b and 2a + 1, the roots of the two squares into 
which 4n -f 1 is divisible ; and the middle difference will be —{a ~\-b), 
the smaller half of the sum of the roots (2b-\-2a-\-l) with a nega- 
tive sign ; if the exterior differences be reversed and the middle dif- 
ference be increased by 1, the differences will be 2a + 1, — (a-\- b — 1), 
2b, and the roots whose sum will equal 1 will be, with their differ- 
ences above them, 

2a + l, — (a+b — 1), 2b 
— (a+1), a—{b~~\)y 6+1, 

and the sum of the squares of the roots will be 2 more ; from these 
two sets of roots all the rest may be obtained, by adding one to each 
of two roots and subtracting 1 from each of the other two roots ; the 
exterior differences of the roots will therefore always be the same, 
and the middle difference will increase by 1 at each step ; the sum 
of the squares of the roots will increase by 

2, 4, 6, 8, &c. 

As the sum of any two square numbers of which one is odd and the 
other even (4a a + 4a+ 1+46 2 ) must be of the form 4^+1, every 
possible case of an odd square combined with an even square must 
occur somewhere in the series 

1, 5, 9, 13, &c, 

and the Table (if extended) must contain every possible case of odd 
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and even numbers as exterior differences, combined with every pos- 
sible and available middle difference ; for negative differences may be 
rejected, inasmuch as, if the roots be put according to their algebraic 
value, all the differences must be even ; thus the roots and differences 
of 1 5 above were 

— 1 , 1 «, • — 2, o ; 

if the roots be placed according to their algebraic value, they would 
be —2, — 1, 1, 3, and with the differences above 

1, 2, 2 
A " 1> I* o ; 

15 will therefore be found in the column above 5, and in the fourth 
place . The Table (extended indefinitely) would therefore contain 
every possible odd number the sum of whose roots may equal 1 . 

It is possible that this connexion between the roots of the squares 
into which 4^+1 may be divided, with the exterior differences of 
the roots of the four square numbers into which 2n-\-l may be 
divided, formed part of the mysterious properties of numbers to 
which Fermat alluded when he announced the theorems of the poly- 
gonal numbers. 



III. u On Cyanide of Ethylene and Succinic Acid." — Prelimi- 
nary Notice. By Maxwell Simpson, Ph.D. Communi- 
cated by Dr. Frankland, F. R.S. Received August 1, 1860. 

Succinic acid bears the same relation to the diatomic alcohol 
(glycol) that propionic acid bears to ordinary alcohol. Propionic 
acid can be obtained by treating the cyanide of the alcohol radical 
with potash. Can succinic acid be obtained by treating the cyanide 
of the glycol radical with the same reagent, or is it an isomeric acid 
that is formed under these circumstances ? 

C 4 H 5 , Cy+0 2 [|+2HO=0 2 [ C |- H ' ^+NH 3 . 

Cyanide of ethyl. Propionate of potash. 

C 4 H 4 2Cy+2(0 2 ||\+4HO=0 4 { J£ H *°«" + 2NH,. 

Cyanide of ethylene. Succinate of potash ? 
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